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1.1.1 - Definition of specific intensity Ng//

® |n geometrical optics we approximate the transport of

radiative energy along straight lines, or ‘rays’, in direction Specifc Intensity
k.

e If dE is the amount of radiative energy crossing an area oy T
dA = dAn in the direction k, within a solid angle d, and Transter equztion
with a frequency range within [v, v + dv], then the depn” e e
monochromatic specific intensity /,(k, X, t) is defined by Soutons ot the

dE = I,(k,%,t) k- AdAdQ dv dt. (1.1)
A

dA
at =




1.1.1 - Definition of specific intensity

Geometrical optics can only be applied to cases where the
wavelength X is much smaller than the scale of structure in
the propagation medium, ‘a’. In other words, it cannot be
used to describe the interaction of optical light with atoms,
and neither can it be used to describe diffraction
phenomena which become evident when A\ ~ a.

To see this we follow Rybicki & Lightman (Sec. 2.6).
Because of the uncertainty principle, for a ray with k = 2,

dxdpydydp, = p?dAdQ > H?, (1.2)
and
dAdQ > )2, (1.3)

We see that if dA ~ A2, then dQ ~ 1, and there is no
constraint on direction. Similar constraints apply to time,
with dvdt > 1.

Thus the transfer theory described below is applicable
when A <« a.
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1.1.1 - Definition of specific intensity

* In the absence of interaction with matter, /(k, X) is constant
for any point X along the ray k. Proof: see Shu Vol. .
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1.1.2 - Moments of specific intensity
e The mean intensity at X is simply
S 1 -
LR = 4 / dal, (k, 7).

In spherical coordinates, with p = cos(6),

1 2w 1
Jyzi/ dd)/ d /,, ,CD
ar Joss _an (1, @)

* The monochromatic radiative energy density is
4
u, = —WJZ,.
c

and the bolometric radiative energy density is

u= /dl/u,,.

(1.6)
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1.1.2 - Moments of specific intensity =

e The net flux in the direction /1 and at point X is .«g

Specific Intensity

F, () = / dQl, (k, %) cos(0), (1.8)

Definition of specific
intensity

where 6 is the angle between k and 7. With 1 = cos(6),

Transfer equation

Opacity and optical

2 1
F.(h) = AO ao /7 1duuly(,u,¢). (1.9) depth

Solutions of the
transfer equation

¢ Given that the photon momentum is ¢/c, with ¢ = hv, the
radiation pressure in direction nis

p(h) = %/dQcos2(0)ly(lA(,)?), (1.10)

or, in terms of 1 = cos(6),

2m 1
p(f,):,/ dcb/ o). (1)
o

=0



1.1.2 - Moments of specific intensity -
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Definition of specific
intensity

® Problem: consider a sphere with radius R which emits a
uniform specific intensity field from its surface, B. Proove

Transfer equation

that the flux in direction  a distance r away from the center a0
Of the Sphere iS Solutions of th_e
R 2 transfer equation
F=nB (r) . (1.12)

The flux at the surface of the sphere is thus F = 7B.



1.2 - Transfer equation -

Specific Intensity

¢ |n the presence of matter the spec. int. field may change [ Transfer equation

Emission

with position (and time), Absorption
Scatterin,
8/ Dicr:le mged\um
?5} + k- V1, = sources — sinks. (1.13)  Gaciy andoptica

Solutions of the
transfer equation

* The sources correspond to the emission of radiative
energy by matter, and to reflection in the direction k.

* The sinks correspond to absorption of radiative energy by
matter, or by reflection out of the direction j.

¢ Reflected light is also called ‘scattered’ light.
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1.2.1 - Emission ==

¢ |n the presence of mater the specific intensity field may Mgf
change with position. A volume element dV = ds dA emits
an energy
dE = j,/dl/dthdQ (1 14) Specific Intensity
towards the direction of d$2, where j, (k) is the emission S
coefficient. o
¢ From the definition of specific intensity, plerete medum
. R R S:;ﬁty and optical
dE = dl,(k',s,t) K" - n'dA dQ' dv dt, (1.15)  goutonsortne

transfer equation
for any surface dA’ centered on S. If we choose dA = dA,
k = §and dQ = d’ then k - i = 1. In the absence of
absorption /, is constant along 3, so the increase in /, due
to the contribution from dV at S is

dl, = j,ds. (1.16)

.6.1.‘.(. ..... dAdS.....ooerree, )
R
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1.2.2 - Absorption -

¢ For pure absorption, without scattering or emission, and if "‘gf
the absorption is caused by infinitely small particles that
do not shadow each other inside a volume dV = dsdA, we

Specific Intensity

eXpeCt Transfer equation
dll/ —_ _ay Il/dS7 (1 1 7) Emission
e The absorption coefficient a,, can be connected to the e g
effective cross-sectional area o, of the absorbers. The ey e e

total energy absorbed in volume dV is et

Solutions of the
transfer equation

dE = —1,no, dVdQdids, (1.18)

where the minus sign accounts for dE being removed from
the radiation field.

e The difference in specific intensity is given by
dE = di,(k, %, t) dJAdQ dv dt, (1.19)

SO
ay = noy,. (1.20)
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1.2.3 - Scattering =

* Reflection of photons, rather than absorption, will also .«g
decrease the specific intensity along a ray k. In analogy
with pure absorption, the corresponding decrease in
specific intensity will be

Specific Intensity

Transfer equation
Emission

dl, = —a?l, ds, (1.21) Aosorpion
N Dicrete medium
W|th é — k Opacity and optical
depth
® Photons coming from all directions may also be reflected Solutions of the

transfer equation

into the ray k. To describe the probability of reflection from
direction k' into direction k we use the phase function
o, (k, k') (also called the ‘scattering probability density’),

dl, = a5 f{ o, (k,k')1,(k")dS' ds. (1.22)
The phase function is normalized and symmetric:

]{%(R,R')dfz' =1= %%(R’,R)dn. (1.23)



1.2.3 - Scattering

¢ The full transfer equation in a continuous medium is thus:

% = =, — o, + ]{ o, (k, k), (K)deY,

]"s/cal
(1.24)

with k = ds, and where we have added the superscript
‘abs’ to the emission coefficient in the absence of

scattering.
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1.2.3 - Scattering

* In thermodynamical equilibrium, /,(k, X) = B,(T) and
since the temperature field must be uniform, % = 0. Since

the phase function is normalized, we have Kirchoff’s law:
j)* = alB,. (1.25)

¢ Note that in Eq. 1.24, the term highlighted as j**
effectively enters as an emission coefficient, i.e. it is not
proportional to /,.

¢ Grouping together terms, Eq. 1.24 can also be written

dl, .
= ==l (1.26)

with j, = /& + j2 and a,, = @ + o,

v
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I.2.4 Dicrete medium

»

Specific Intensity

Transfer equation
Emission
Absorption
Scattering

Opacity and optical
depth

Solutions of the
transfer equation



1.2.4 - Dicrete medium

¢ |n a discrete medium the coupling of radiation and matter
occurs through radiative transitions, each of which bears a
line-profile ¢(v) which is narrowly centred on the transition
frequency v..
* The rates of radiative transitions can be described using
the Einstein coefficients:
® A;: probably of spontaneous radiative decay per unit time
per absorber (units for A are s~').
* B;J: probably of absorption per unit time per absorber, with
J = [ dvé(v)d, is the frequency-averaged mean specific
intensity (so that MKS units of Bare s~ /(Jysr™')).
* B;J: probably of stimulated emission per unit time.
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1.2.4 - Dicrete medium

¢ The line profiles ¢(v) are described with Lorentzians, and
their width (or the line-widths), Av, are directly connected
to the spontaneous decay rate via the time-energy
uncertainty principle, AEAt > 1/2:

1 1

o~ 1.27
Ai Av ( )

At ~

e Detailed balance connects the Einstein coefficients:

9iBj = 9;Bji, (1.28)
and
2h1/§?
Ai = —LB;. (1.29)
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1.2.4 - Dicrete medium p—
¢ |n a discrete and isotropic medium, the RT equation in its
compact form (Eq. 1.26) is also valid, and the emission

and absorption coefficients are directly connected to the Specific Intensity
Einstein coefficients. In this case the phase function is U
constant, &, (k, k') = 1/(4n). Absorpon
Scattering
® The emission coefficient is
Opacity and optical
. hVo depth
b = 2 A9 ). (1.80)  feoumoreatne,

This coefficient includes what would be called ‘scattering’
for the lines: a de-excitation following the absorption of the
same photon.

® The absorption coefficient is

hv,
oy = E(H/B,j — nij/)d)(l/). (1 31)

Note that stimulated emission acts as negative absorption.
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1.3.1 - Optical depth wg/ﬁ

Specific Intensity

e [|tis customary to use the opacities « rather than the Transfer equation
absorption coefficients a, with a = rp, where p is the sen
mass density. _M e path

¢ We also define the optical depths along a ray, SR

Solutions of the
transfer equation

Tfjbs = /dSof‘bS = /ds,omabs7 (1.32)

and

T = / dsa* = / dspr*. (1.33)
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1.3.2 - Mean free path

® The exponential decay in the pure absorption case
suggests that exp(—72%) is the probability that a photon
survives the optical depth 2% without absorption. This
allows us to estimate the mean optical depth travelled by

all photons:
(r,) = /Ooo 7, exp(—7,)d7, = 1. (1.34)
* The photon mean free path /, is the corresponding
distance, i.e.
s = a;bs = n;yb (1.35)

and similarly for scattering.
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1.3.3 - Source Function

e Changing variables to dr, = (o™ + a$)ds, the full
transfer equation can be written as

jabs jsca
dy _ Lk (1.36)

dr, a2 4 s
—_————

Sy

where we have defined the Source Function S, .
¢ |n the absence of scattering, i.e. if &* = 0, then S, = B,.

e For an isotropic phase function, i.e. if &, (k, k') = 1/(4x),
the source function is

g,
- abs sca
al/ + al/

S, (1.37)
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1.4.1 - The uniform slab

¢ |n the widely used, but seldom exact, case of no
scattering, the equation of radiative transfer Eq. 1.36 is

dl,

g = bt S (1.38)

where S, = j& /a2, for thermal emission , S, = B,,.
e |t is straightforward to show that the solution to Eq. 1.38 is

I(r,) = 1,(0)e"™ + /O Cdre TS, (7). (1.39)

e For the uniform slab, with constant S,,

L(r)=1(0)e"™+S,(1—-e"™). (1.40)
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1.4.2 - Random walks

¢ |f a medium is optically thick in scattering we expect a
photon to undergo a random walk before its absortion or

its escape from the medium. The net displacement is Specilic Intensity
R = 3", s, and the dispersion in displacement is Transfer equation
D\ Di2\\1/2 __ =112\\1/2 . =2(12\\1/2 Opacity and optical
a(R) = ((IRIP)/2 = VN((||S|[?))"/2.With (||8]|))/2 ~ I, deptn
the photon mean free path, we have o(R) ~ V' NI. Solutions of the
transfer equation
® The probability of absorption in each step is Wizl

Rosseland approximation

abs Eddington approximation

aD (1 . 41 ) Twors?ream approximation

= abs sca
a2 4 asf

Since all steps are statistically independent, the probability
of absorption for N steps is simply Ne,,, and the average
number of steps before absorption is 1/e,.

* Therefore, for an infinite medium, o(R) = //,/€,, which is
sometimes called the ‘thermalization length’: if the
medium is larger than o(R), then it is said to be effectively
thick as most photons will be absorbed within the medium.
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1.4.3 - Rosseland approximation

Next to the idealization of full thermodynamical
equilibrium, we can explore the consequences of a ‘local’
thermodynamical equilibrium, such that the deviations of
I, from B,(T) are small.
The transfer equation for isotropic scattering can be
written as
ab, = — (o™ +a*") (I, — S,) (1.42)
ds v v TR '
and in steady state, % = 9k = 5.V,
For thermal radiative processes, S, = B,, so
1 0l,

I, =B, — — .
v v o, 0S (1.43)
——

Istorder correction

Since the first order correction is expected to be small, we

approximate 2 ~ %8 and
l, ~ B, — 1 95, (1.44)

o, 0s
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1.4.3 - Rosseland approximation ”gr/ .

e For the flux F, = $ I, kd$2 we integrate over solid angle.
Concretely,

Specific Intensity

Transfer equation

F,.2=F, = % k- zl,(Q)dQ = f{ cos(0)1,(Q)dQ. (1.45) o

Solutions of the

transfer equation
¢ For an application we need to rewrite Eq. 1.44 in terms of oo et
d.
o0z" 8B aB Eddington approximation
v _ § . ﬁ By _ , 1 46 Two-stream approximation
ds "oz (1.46)
in plane-parallel geometry.
¢ Direct integration of Eq. 1.44 then yields
F,——2m 9B, (1.47)

3a, 0z



1.4.3 - Rosseland approximation

® The need for a plane-parallel approximation (required in

Eqg. 1.46) can be avoided. We start by defining the angular
moments of /,:

cu, 1
{ E, }Ef{ k }IU(R)dQ. (1.48)
cP, kk

e Next we rewrite the RT equation as

* We then evaluate § dQk(Eq. 1.49):

v- f kkl,dq = f dQkj —a, F,+
=0
a5 7§ do'l, (k') j'{ doko(k k') . (1.50)

=0, if o(—k,k")=d(k,k")
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1.4.3 - Rosseland approximation

* In Eqg. 1.50 we used forward-backward scattering
symmmetry, i.e. that (—k, k') = ®(k, k'), which is true for
atomic processes (but not for large dust grains).

e We thus have

cV-P=—a,F,. (1.51)

* We now apply local thermodynamical equilibrium, so that

L(X) =~ B,(T(X)):

B 47
Pj~ ¢ dkiki—~ = ~LB,(T);. 1.52
ij ](d %2 3c (T)dj (1.52)

® Replacing into Eq. 1.51,

F,=F,

z

= 3a, 0z

47 9B, (T)

(1.58)
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1.4.3 - Rosseland approximation -
¢ [ntegrating over frequency for the total radiative flux:

Specific Intensity

oo T [ 1 0B ransfer equation
:/ dqu(z):_“ji/ dy 1 9Br (g pgy T
0 0

Opacity and optical
3 0z a, 0T R

Solutions of the

¢ We introduce the Rosseland mean absorption coefficient, transfer equation

The uniform slab
Random walks

1 fo v G : -
- (XV 1 .55 Eddington approximation
ag fo 33 i ( )

and note that [;° dv9Px = 25 T3,
¢ Finally, the flux in LTE is:

Two-stream approximation

160 T3 0T

3ap 05 (1.56)

F.3=—




1.4.3 - Rosseland approximation

e We can also write Eq. 1.56 as

40 OT*

E.g_ Ao 0T 157
=734, 05’ (1.57)
or 4c 8
= . Cc ou

where u is the total radiative energy density.

e |t is interesting to note the similitude between Rosseland’s
approximation and Fick’s law for diffusion:

flux ~ —DV quantity being diffused, (1.59)

in this case D = ¢/ with / = 1/ag would be an effective
mean free path.
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1.4.3 - Rosseland approximation Ng//

¢ A problem with Rosseland’s approximation is that the

diffusion coefficient D diverges as p — 0. In order to Specifc Intensity
extend is domain of validity, the ‘lambda-controled’ Transfer equation
diffusion has been proposed: e
Lo 4C 3[,] ISoluliions ol-f‘l:e
F.a= A "9 (1.60)  ‘emomom |
SOZR s Random walks
For instance e oo e aproimatn
+
= (1.61)
6+3R+R
with o
1 [|[Vu
R= A vl ”, (1.62)
ar U

see Casassus et al. (2019, MNRAS, 486L, 58; and
references therein) for an application.
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1.4.4 - Eddington approximation

® |n plane-parallel geometry the radiation moments
introduced in Sec. 1.1.2 and in Eq. 1.48 can be
Summarised as Specific Intensity

Transfer equation

J,/ 1 1 1 S:;iity and optical
HV - 1 § IU/2 IV(,U)d,U (1 63) Solutions of the

— transfer equation
KU K The uniform slab

Random walks
* By comparison with Eq. 1.48, we have J, = c3%, T
J— IE v |z — Pu |zz Two-stream approximation
H, = 75 Ko = o=,

® |n the treatment that leads to the Eddington
approximation, we assume that /,(x) is nearly isotropic
and we expand to first order in u:

I, =a, + byu, (1.64)

i.e. similar to a dipole term by modifying the monopole
term a.



1.4.4 - Eddington approximation

¢ Direct evaluation of Eqg. 1.63 using Eq. 1.64 leads to
J,=a,, H, =% and K, = &.
e We therefore have ]

K, = §JV, (1.65)

exactly as for thermal radiation, for which the radiation
pressure is p, = %uu, but here in a more general case.
Eq. 1.65 is known as the Eddington approximation.

® The plane-parallel RT equation following from Eq. 1.42 and

Eq.1.46 is
al,
ME - *au(lu + Sl/)aa (1 66)
or
ol,

ng =~ +8.).. (1.67)
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1.4.4 - Eddington approximation
* We now take [ du(Eq.1.67),

OH, =J, - S, (1.68)
o1,
and [ duu(Eq. 1.67),
oK,
or, = H,. (1.69)

e Using the Eddington approximation (Eq. 1.65), we obtain
an equation for J, as a function of S,,:

102,
ga—TE—Jy—Sy, (1.70)
¢ |n terms of the albedo w,, = 1 — ¢, (see Eq. 1.41),
10%J,
352 = e(w)(J, — B,), (1.71)

which, if the medium properties are known, is a 2nd-order
equation for J,(7,). If it is possible to solve Eq.1.71 for
J. (1), then we have I, by integration of Eq. 1.67.
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1.4.5 - Two-stream approximation

e We have seen that the Eddington approximation leads to a
2nd-order equation for J,, (Eqg. 1.71) which approximately
solves the RT problem in plane-parallel geometry.
However boundary conditions are required to solve

Eg. 1.71. The two-stream approximations provides a set of
such boundary conditions.

¢ |n the two stream approximation, we assume that the
whole specific intensity field is restricted to only two

. . . _ L.
directions with p = 5

L(u) =16 <u — \%) + 1,6 (u + \}3) : (1.72)

¢ Direct evaluation yields

Jy 1+ 1)
HoL_ -y L (1.73)
Ku 2§/+ + /_)

.
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1.4.5 - Two-stream approximation

¢ We see that in the two-stream approximation, K, = %Jl,, 'Agr
which is the Eddington approximation. The transfer
equation Eq. 1.67 also applies to the two streams, so

Specific Intensity

taking moments and applying the Eddington Transfer equation
approximation also yields Eq. 1.71. Thus, the two streams Opcciyand opia
also satisfy Eq. 1.71. Soluonsof e
e Using the Eddington approx. in Eq. 1.69, oo
a K 1 a J Rosfelandappro)f\mafion
v _ HV — _ 1% ) 1 .74 Eddington approximation
or, 307, ( ) o

the moments in Eqg. 1.73 can be rewritten as

1 04,
+ = L 1.7
I JI/ + \/ga’ry? ( 5)
_ 1 0J,

(1.77)



1.4.5 - Two-stream approximation

¢ To finally write the required boundary conditions, we focus
on a slab geometry from 7, = 0 to 7, = 7. Clearly, no

radiation will come from 7, = +00, s0 I~ (7,) = 0. Likewise,
IT(0) = 0. Therefore, the required boundaries are:

194
V301,
1 0J,

X

J,, atT, =710

—dJ,at7, =0.

(1.78)

(1.79)

™
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2.1.1 - Maxwell Equations

Electromagnetic waves

¢ |n the MKS system (or S.1.), the equations of m
electrodynamics are, : o saone
s — Wave propagation in
V . D = p, (21) vacuum
— — Wavg propagation in a
V . B = 0, (22) medium
- = 0B
VXxE = —— 2.3
- at’ (@3)
. - oD
H = J+—. 24
V x + T (2.4)

e For linear media, D = ¢E and B = pFl.
® |Invacuum, e = ¢, and pu = po.
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2.1.2 - Electrodynamic potentials

e Since V- B = 0, we have
B=V x A. (2.5)

e For E, we use Eg.2.5and Eq.2.3:

E=—Vo- 2. (2.6)
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2.1.3 - Wave equations

e We want to write equations that determine the
electrodynamic potentials Aand o.

e Using the Maxwell Equations in vacuum to connect
directly with E and B, we have

€o ot €
1 5 1 0E
VXEB—J ga
- 1 PA - (o - 100 -
2 _
VAfgatzfv (VA+0281‘) f*MOJ.

term for the Lorentz condition
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2.1.3 - Wave equations
e [f the term highlighted in Eq. 2.8 is null, which is called the
Lorentz Condition,
100
c ot
then we recover the wave equation for the potentials:

V-A+ =0, (2.9)

1 820 p

24 _ _ _P
Vo 2o e (2.10)

1 52A -
2_747::_0_ 2.11
VA c2 ot Hod ( )

e To fulfill the Lorentz condition, we use the freedom of
gauge:

A— A=A+ VA, (2.12)

which leaves invariant B = V x A.
e To also preserve E = —Vo — 0A/0t, it is necessary that

ON
- R
*— ¢ = (2.13)

Electromagnetic waves
Maxwell Equations
Electrodynamic potentials

Poynting’s theorem

Wave propagation in
vacuum

Wave propagation in a
medium



2.1.3 - Wave equations

e If Aand ¢ both fulfill the general potential equations
(Egs. 2.8 and 2.7), but do not fulfill the Lorentz condition,
then we can search for A(%, t) so that A’ and ¢’ do satisfy
the Lorentz condition.

¢ Injecting Egs.2.12 and 2.13 in Eqg. 2.9, we reach an
equation for A(X, t):

100
c? ot
which is essentially a wave equation with a source term,

i.e. exactly the type of equations that we will propose
solutions for.

2
v LTN (2.14)

—

VA4
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2.1.3 - Wave equations

¢ Independently of the Lorentz condition, we can manipulate
the Maxwell equations to reach (tarea):

~ 1 0%E 1 - 1ad
=l L L od
VE - 5o - < V- ar)’ (2.15)
~ 1 0°B R
VZB—?W = —u.V x J, (2.16)

which are both wave equations with source terms.

e Away from the sources, i.e. in vacuum, both equations
become the homogeneous wave equation.
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2.1.4 - Poynting’s theorem

Electromagnetic waves
Maxwell Equations

* The power ¢ exerted by the electromagnetic force Eestocymamic moonials
F= qv x B + gE on a single charge g with velocity v is g SO
V. ]: QV mﬁ el
® The power exerted on the charge density distribution p and  wae propagationina
on the current density distribution J = v inside a volume medum
dV is thus Lo
dP =J-Eadv
* The total power exerted by the (E, é) field on the charges
inside a volume V is

P= / J- Ed®x. (2.17)
%



2.1.4 - Poynting’s theorem

e We want to connect P with the energy stored in the fields.
Using the Ampére-Maxwell equation (Eq. 2.4) we solve for
J, and following standard handling (tarea),

e Now with the induction law, V x E= —%E;’ (Eqg. 2.3),

-

6.(*xﬁ)ﬁ/.a’31§-w] d®x. (2.19)
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2.1.4 - Poynting’s theorem

° Remembering that for a linear medium
H OB

Electromagnetic waves

H B) and E BD E@Q(E . 5), we reach Maxwell Equations

Electrodynamic potentials

281‘(

Wave equations

P - / j . EdSX — —/ |:6U + 6 : §:| d3X, (220) Wave propagation in
VY i 31‘ vacuum

Wave propagation in a
medium

where we recognize

u=-E-D+ -B-H, (2.21)

N =
N =

and L.
S=ExH. (2.22)

e For any volume V, we conclude that

= 4v.S=-J-E (2.23)



2.1.4 - Poynting’s theorem

Electromagnetic waves
Maxwell Equations
Electrodynamic potentials

® In the same way as for energy conservation, Eq.2.23, we Wave etatons
can also write the equation for the conservation of linear S ——
momentum. Newton’s 2nd law for the variation of linear e
momentum 6By inside a volume 6V is: medium T oen
dép - .
Z“‘“ — pESV + pV x BoV. (2.24)
® |n total,

OPmec _ / d*x(pE + pV x B). (2.25)
dt v



2.1.4 - Poynting’s theorem

e Using Maxwell’s equation to replace p and J, we reach:
d, . S 3 OTj
— Jli = — 2.2
dt(pmec +pﬁeld)‘/ z/:/vd X an ( 6)
with the following notations:
S - 1 2
Prields = / eo(E x B)dPx = v / ad®xS, (2.27)

which we associate to the momentum in the fields since it
fulfills a similar role as Byec, and

1

Tij:eo |:E,E/—|—CZB,B/—2(EE+CZEB>5/]:|7 (2.28)

which is the tensor of electromagnetic tensions.
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2.1.4 - Poynting’s theorem

® For each component j the integrand of Eq. 2.26 (involving
Tj) can be seen as a divergence, so

d . .
E(/omec + Prietas) i = ]i ; TindA, (2.29)

where we recognize a flux integral over the surface
bounding the volume V.
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2.2.1 - Spectral decomposition

¢ |n the absence of sources, if we decompose

Electromagnetic waves

[ 1 = .
E(Xa t) = Z dw E(X, CU) eIWt, (230) Wave propagation in
vacuum
" Spectra decompositon
the Maxwell equations yield gy
Polarization
Quasi-monochromatic
E waves N
(VZ + /J/ELL}Z) { é =0. (231 ) g:;ﬁjfnropagaﬂon ina

e If e and p are both real, the solutions are e***, with

k = \/uew

* We define the phase velocity v, = % = £, where

n=, /H“—E is the refraction index.

* |n general,

E | 1 & iR —iwt
{Bi}%/dw{&}e , (2.32)



2.2.1 - Spectral decomposition

Electromagnetic waves

Wave propagation in
vacuum

* We recognize d’Alembert’s solution for the wave equation, ~— FSEEESHSERS
transfer
Polarization
{ E,’ } _ l / dw { gi } eﬂ:ik(ﬁ-)?quﬁ)? (233) Szjjl—monochramanc
Bi 27T Bi Wave propagation in a
medium

where each component j has a form
f(h- X — vet) + g(h- X + vut), and where f is the direction
of propagation.

* Using Maxwell's equations (tarea), fi- £ = 0, fi- B =0 and
B=1nx¢&.



2.2.1 - Spectral decomposition

Electromagnetic waves

Wave propagation in

¢ For harmonic fields it is customary to use complex Wave p
notation (because of the spectral decomposition), so that || Specta decompostion
— - — Connection with radiative
S = %(E) x m(H) g:lr:v:j;tion
Quasi-monochromatic

waves

¢ |In general for products of the type

Wave propagation in a
medium

R(ae"“")R(be ") = %%(a*b + abe2wt),  (2.34)

it is also customary to take time averages
(- Nr=limre 1 [;7(--)at, and (tarea)

1

(R(ae™“HR(be 1)) = SR(@b). (2.35)



2.2.1 - Spectral decomposition

e We therefore have
o 1. - 1 [€
=_ExH =_-,/—|E]Ph.
(8) = gEx = 5[ 1A

And similarly,

(2.36)

(2.37)

Electromagnetic waves

Wave propagation in

vacuum

Connection with radiative
transfer

Polarization
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medium
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2.2.2 - Connection with radiative transfer

We can now see that the concept of rays associated to the
radiative transfer equation, which describes the transport
of radiation in a straight line, is connected to the idea of a
plane monochromatic wave with direction of propagation
k.

For a plane wave (S) = v, uk is the flux of energy in
direction k.

In radiative transfer notation, the flux density in direction k,

would be
*:/mmwikk

Therefore the specific intensity field for a monochromatic
plane wave is

(2.38)

(k) = 1S, ]| 6(k — ko). (2.39)

Electromagnetic waves
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vacuum

Spectral decomposition
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2.2.3 - Polarization

® In summary, the electric field of a monochromatic wave
can be decomposed in two linearly polarized waves,

E(X, 1) = (&1 Ey + 2 5p) /K ¥—t),

whose total describes, in general, an eliptically polarized

wave.
e With a change of vectorial basis to é1 =

1

7

(@1 + i€2), we

can also decompose E in two circularly polarized waves,

E()?, )= (6Ef +é- E_)ei(l?-)?—wt).

(2.40)

(2.41)

Electromagnetic waves
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2.2.3 - Polarization
e With the notation

_ i1 — id2
E1 - 81 eigb ’ E2 - gZeid) ’ Electromagnetic waves
EJr = nge +7 E* = E*e ) Wave propagation in
vacuum
Spectral decomposition
we have CZnnecticn wi(hpradialive
transfer
linear polarization : ¢o — ¢4 = 0. T
. e . B vaves
circular polarization : |¢2 — ¢1| = § and & = &;. R

the general case is eliptical, with : tan(x) = & 22252‘23 e

~
€44

¥
3




2.2.3 - Polarization

e |t is customary to use the Stokes parameters to
characterize the polarization state of monochromatic

light:

I= EE+EE;=
Q= EE —EE} =
U= EE; - EE; =
V= i(EE - BE)=

E2 + &2,
£2 -2,
2E1&2 cos(p2 — ¢1),
251 52 Sin((bg — ¢1)

(2.42)

* We see that Stokes | (the total “radiance”) is / « |§\, Q and
U measure linear polarization, while V measure circular
polarization. In order to make this obvious it is best to use
mental experiments with polarizors that select specific
types of polarization (see class).

¢ For a strictly monochromatic wave, it follows that

P=@Q%+ U2+ V2 (2.43)

Electromagnetic waves

Wave propagation in
vacuum
Spectral decomposition
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transfer
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2.2.4 - Quasi-monochromatic waves

¢ |n order to obtain I::()‘(', w), we need to know E(t) for all t,
since o

E(X,w) = / E(X,t)e“!dt. (2.44)
e So in practice, we treat E; and E, as random variables, i.e.
for a wave in vacuum, described by Eq. 2.40,

=

E(X,t) = (E:i(t)8; + Ex(t)&p)e/ k%=t (2.45)

Alternatively we can also replace the time dependence in

Eg. 2.45 with a probability density, which itself may depend
on time.

¢ To fix ideas, let's remember that AtAw = 1 for Gaussian
spectra, where At is the ‘coherence time’, and Aw is the
‘bandwidth’ of the quasi-monochromatic wave.

Electromagnetic waves
Wave propagation in
vacuum
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2.2.4 - Quasi-monochromatic waves

¢ |n order to measure the Stokes parameters, we need SIEHATEEE S
averages of the kind Ve opagzton n

1 !C[::::'ee(:tion with radiative
(E{E3) = lim — [ dtEi(H)E;(f)at. (2.46)
Tooo T

Polarization

e We therefore have

Wave propagation in a
medium

(@) + (UP) + (V&) = (P)—

4((E2)(E5) — (£262 cos® (¢ — 1)) + (E2E5sin* (2 — ¢1))),
(2.47)

and, by Schwartz’ inequality ((||al|?)(||b||?) > ||(a- b)||?),

P>+ U?+ V2 (2.48)



2.2.4 - Quasi-monochromatic waves

® For a wave with a single and constant eliptical polarization
state, the equality holds in Eq.2.48.

¢ On the other hand, for a completely unpolarized wave,
Q=U=V=0.

® The Stokes parameters are additive. Proof: consider a
sum of N different waves

N
E=> EF= (&Ef +&Ef)e/kX—. (2.49)
k=1

Because each EX(t) is statistically independent,
(EFE]*) = 6(EFE/*), and

I Iy
Q| Q«
Ul = > o | (2.50)
Vv “\ v

Electromagnetic waves
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vacuum
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2.2.4 - Quasi-monochromatic waves

e We can therefore decompose an arbitrary set of Stokes
parameters in

Electromagnetic waves

Wave propagation in

vacuum
unpol Spectral decomposition
Connection with radiative
/ transfer
I / - QZ + U2 + V2 Polarization
Q 0
= +
U 0 Wave propagation in a
dium
V 0 me
" (2.51)
VQ2+ U2+ V2
Q
u
4

¢ The first term ‘unpol’ is completely unpolarized since
Q = U =V =0, while the second term ‘pol’ is completely
polarized since it satisfies 7 = Q2 + U? + V? (Eq.2.43).



2.2.4 - Quasi-monochromatic waves

Electromagnetic waves

Wave propagation in

vacuum
Spectral decomposition
Connection with radiative
transfer
® The total polarized intensity of a wave train is thus be Pojarizaion
Pt = Q2 + U2 + V2,
. W tion i
* We define the polarization fraction as |

medium

Ipo]
n=—. (2.52)
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2.3.1 - Constitutive equations

Electromagnetic waves

Wave propagation in
vacuum

e Each monochromatic component of the field E, B must

Wave propagation in a

fulfill the following constitutive relations: medium
PocnE s Bw) = eox(@)E(w), o
B=uH — B(w)=p(w)H(w), (2.53)
J=cE — J(w)=c(w)EW),

in which we have added Ohm'’s law.

® We note that Hermitian symmetry, X(—w) = x*(w), is
required for x(t f dwx(w) exp(—iwt) to be real, and
similarly for u and a



2.3.1 - Constitutive equations

e The Fourier convolution theorem states that if
X(w) = Y(w)Z(w), then

X(t) = /Oo Y(t - t)Z(t)dt, (2.54)

where Y(t) = 2= [ dwY(w) exp(—iwt), etc..
* Applying the convolutlon theorem to x (for example),

/ G(t — t')E(t)at', with
(2.55)
G(t)—g/ eox(w)e ™ dw.

e We see that P(t) depends on the history of E(t'), which
bears physical sense only in the past, for t’ < t, so
G(t) = 0if t < 0. We will use this property in the next
section.
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2.3.1 - Constitutive equations

¢ Note that I3(t) is no longer proportional to the applied field
E(t), except for harmonic fields. To see this we write the
monochromatic wave as

E(t) = Acos(wst) + Bsin(wot) = R(Es(1)),  (2.56)

with E; = (A — iB)(cos(wot) + isin(wot)).
¢ |n the Fourier plane,

Ew)=r [(Z\ FiB)o(w — wo) + (A — iB)d(w + wo)] .

(2.57)
e We can evaluate
. 1 [ .
P(t)= — cox(w)E(w)e™ ™ dw
. 277/,00 e (2.58)
=R | S (A= iB)x(w.)e™!] = R{Pu(1))

using x(—w) = x*(w), and where

— -

Pe(t) = eox(wo)Ec(1). (2.59)
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2.3.1 - Constitutive equations

¢ With the spectral decomposition of the constitutive
relations we can rewrite the Maxwell equations in their
harmonic versions. In the absence of free charges,

V-Ew) =0, VxE(w)=—iwpw)H(w), (2.60)
V-Hw) =0, VxH(w)=—iwe(w)E(w), '
where (tarea)
e(w) = (1 + x(w)) + i@. (2.61)

¢ Note that both susceptibility and conductivity contribute to
the imaginary part of € :

S(e) = €3(x) + R(o/w). (2.62)

Electromagnetic waves
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2.3.2 - Kramers-Kronig relations

* From physical considerations we can anticipate that the
induced P(t) depends on the history of the applied field, or

Electromagnetic waves

Wave propagation in
vacuum

/ G t t/ t/ dt/ (263) g:;ijgropagation ina

Constitutive equations

Monochromatic waves

(note difference with Eq. 2.55).

e Let's assume that E = §(t — t,)E,. Then P(t) = G(t, t.,)E.,
and G is the polarization resulting from a delta-unitary
electric field.

e [f the properties of the medium do not change in time,
G(t,t,) = G(t - 1,), and we recover Eq. 2.55.

e Causality requires that G(7) = 0if 7 < 0, so

eox(w / atG(t)e™". (2.64)



2.3.2 - Kramers-Kronig relations
* We extend Eq. 2.64 to the complex plane with
@ = wg + iw;, where w; > 0.

Electromagnetic waves
€OX / dtG th (265) \\:\;ac\:ji%ropagation in
Wave propagation in a
* If [7|G(t)|dt converges, so does [;~ G )e“tdt, and x(&) e < caons
is analytical in the superior C plane (w, > 0)
® Therefore x(©)/(& — w) is analytical except in the pole
@ = w, where w is a point along the real axis.
® We can apply the Kramers-Kronig theorem (proof: see
Bohren & Huffman, Sec. 2.3.2), which gives

, < x(9Q)
= e 2.
iTx(w) P[m Q—i—wdQ’ (2.66)
where P indicates Cauchy’s ‘principal value’
> x(Q)
Q =
P[ Q+wd

im (/”a XQ) 4o, [T X )dQ)

a—0\J_o Q4w wia 2+ w

Monochromatic waves

(2.67)




2.3.2 - Kramers-Kronig relations

Electromagnetic waves

Wave propagation in
vacuum

Wave propagation in a

e Using that x*(Q2) = x(—) we can restrict the integration el
to Q > 0, and use X = XRt+ iXI to rewrite Eq_ 2.67: Consiitutive equations

Monochromatic waves

QX/ Q)

xr(w) = P / (2.68)

2
) = 2°”P A szwz (269

e Similar relationships exists for u y o.
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2.3.3 - Monochromatic waves

* We now extend the monochromatic waves to
homogeneous media. We inject

E, = E ¢k¥-w0 and H, = H,e/k¥-wD) (2.70)

into Maxwell’s equations.
e Allowing for keC, k= (kg + ik)) &,
N——

k

E, = E e fi¥Xgllkai—wt), (2.71)

e The harmonic Maxwell equations (Egs. 2.60) yield:

(2.72)

* Eliminating £, and H, (for example taking k x k x E,, asin
Bohren & Huffman 2.6), we obtain K-k =uw? ep (tarea) and

K3 — k? + 2ik; - kg = w?ep (tarea). (2.73)

Electromagnetic waves

Wave propagation in
vacuum

Wave propagation in a
medium
Constitutive equations
Kramers-Kronig relations



2.3.3 - Monochromatic waves

e So, for a homogeneous wave (no free charges),
k = (kn + ki) &,
N——
k

and k = wN/c, where N is the complex refractive index,

€oflo

e We set N = n+ ik, where nand « are both € RT.
e Eqg.2.71 gives:

E, = E e~ Xrzgl®5= —iu) (2.74)

e = the imaginary part of N corresponds to absorption.
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2.3.3 - Monochromatic waves

Electromagnetic waves

Wave propagation in
vacuum

Wave propagation in a

e We can apply the Kramers-Kronig relations to (N(w) — 1) e e cctons
(the —1 is motivated by lim._,oc N(w) = 1):
nw)—1 = 2P [ 28 qq
2.75
Kw) = —22pP f°° ”<9> 2dQ (2.79)

¢ We see that the absorption in a medium is also related to
the real refractive index.
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3.1.1 - Green function for the wave equation
e This section follows from Jackson 3rd ed, Sec. 6.4.

e In order to determine A(%, t) and ®(X, t), we need to solve
the wave equation with source terms. For a generic field
\U()?, t), General solytion of the

) 1 82 \U . wave equation

® |t is convenient to use the Fourier time-domain,

Retarded Potentials

Retarded electromagnetic
field

Multipolar Radiation

1 +oo Radiation from a single
v - v —iwt 2 charge
d)(X7 t) 27T — 0 w(X7 W) € dW7 (3 ) Non-relativistic

applications

whose inverse is
—+o0

P(X,w) = P(X, t)edt. (3.3)

— 00

® |njecting Ec. 3.2 in Ec. 3.1, we reach the Helmholtz
equation:

(V2 + K2 WU (X,w) = —4nf(X,w). (3.4)



3.1.1 - Green function for the wave equation

The Helmholtz equation Eq. 3.4 is very similar to the

Poisson equation, and we can anticipate the use of similar

machinery in its solution. The Green function satisfies
(V2 + k?)Gk(X, X') = —4nd(X, X'). (3.5)

Changing coordinates to a system with origin in X', we see

that Eqg. 3.5 has spherical symmetry, and

Gk(X,X') = Gk(R), with R=|R|and R =X — X’

Eq. 3.5 can thus be written as

1 d2 2 =
If R + 0, the solution to Eq. 3.6 is RGx = Ae*R + Be= R
where the constants A and B do not depend on k. In order
to determine these constants, we use the case kK =0, i.e.

Poisson, whose solution is Gx—¢(R) = 1/R, — A+ B =1.

General solution of the
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Retarded Potentials
Retarded electromagnetic
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Multipolar Radiation

Radiation from a single
charge

Non-relativistic
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3.1.1 - Green function for the wave equation

® Thus the general solution to Eq.3.6 is

etkR
Gk(R) = AG{(R) + BG (R), with Gi¢ = = a7

andA+B=1.
* The values of A and B depend on the initial conditions, i.e.

on the boundary conditions in time. To see this, we return
to the time domain and we generalize Eq. 3.5:

2 1 82 + AR v o/ !
V- 5= | GT(X, X, ) = —4nd(X — X")o(t — ).

c? o2
(3.8)
* Now, returning to the frequency domain w, we generalize
Eqg.3.510
(V2 + k) Gy(X, ¥ t') = —4nd(X, X ) e | (3.9)

with solution G (R)e™!".
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3.1.1 - Green function for the wave equation

¢ To return once more to the time domain, we use Eq. 3.2,
and

1 e:l: ikR—iwT General solution of the
G=(Rit.t) = G*(R.7) = o / S, ek
T

Retarded Potentials
Retarded electromagnetic

where 7 =t —t'. ol
. . . . Multipolar Radiation
¢ For a non-dispersive medium (one with w/k = c), we - .
Radiation from a single
reaCh charge

Non-relativistic

1) (t’ — [[- ¥ @}) 610 applications

GH(X, X', t) = L
( ) ) |X_X,|

e We apply this Green function to write the generic solutions
of Ec.3.1:

VE(X, t):/d3x/dt/ei()?, tEX (X E). (3.11)
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3.1.1 - Green function for the wave equation

e The * case corresponds to the retarded solution, with an
entry or an initial condition 4, (valid before the sources f
are activated, at t = 0, so f(X,t) = 0if t < 0):

WH(R, 1) = Win(R, 1) + / Bx At G (R, 1. 7, (R, 1),
(3.12)
where we see that if t < 0, there is no X for any given X’
such that [t - @] > 0. Hence if t <0,
[ &X' dt'GH(X, t; X', t')f(X',t') = 0, and W(X, t) = V;,(X, ).
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3.1.1 - Green function for the wave equation

* Instead the ~ case corresponds to the anticipated solution,  cenerarsotuion of the
with an exit condition WV, (after the sources f are e
deactivated, at t = 0, so f(X,t) = 0if t > 0), RS

Retarded electromagnetic

field

\IJ_()_('7 t) = \Ilom()_(” t) _|_ / dsxldt/G_ ()_(" t, )_('/, t/)f()_('/7 t/)’ Multipolar Radiation

Radiation from a single

(3.13)  charce
where we see that if t > 0, there is no X for any given X’ S
such that [t + @} < 0. Henceif t > 0,
J&Bxdt'G— (X, t; X, t')f(X',t') = 0, and
V(X 1) = Vou(X, t).
¢ In general we use the retarded solution V.
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3.1.2 - Retarded Potentials

e We normally use the retarded solution, with initial
condition ¥y, = 0, or, in compact notation,

V(X t) = / ox O |(; _t)?)]| (3.14)

where [(---)].. means to evaluate in t’ =t — |X — X'|/c.
* Applying to the electrodynamic potentials,

o) = / Pox Lt g 4

4re, |X — X'|

Are Mo j )_('lyt/ re
A(X, 1) = ‘hr/d3x’[|()?_)?)/]|t. (3.16)
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3.1.3 - Retarded electromagnetic field

® |n order to caIcuIate E and B we use B =V x A and

° AlterneZ\dl)ely, we can use the Maxwell equations to reach:
V2E — ;2%25 = _ST, (—%— ;g{) . (3.17)
V2B - 0123;5 = —poV % J. (3.18)
¢ Using the Green function, we get
~V'p ;gtj,L (3.19)
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3.1.3 - Retarded electromagnetic field

® The expressions for the retarded fields Egs. 3.19 and 3.21

can also be written in a form that connects directly with the

static expressions (Jackson 6.5,tarea):

E(X.t) = 4;6 / d3x'{

usll

cR

R [0p(X'.t)
|

[63(

X’/ / )
ot x
ret

N

R -
ﬁ [p(X/a /)]rel +

> Jw

1 |ad
c2R | ot )

(%, 1) = %‘; / d3x’{[j()7', ')]m x

+

}

(3.21)

(3.22)
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3.2.1 - Wave zone

¢ This section follows Jackson Chap. 9.

e We now consider harmonic sources (the general case can
be obtained by superposition of such sources):

(3.23)

* We saw that in the presence of sources, the field A(%, )
generated in vacuum, and without spatial boundaries, is

H —’ :uO /d3 //dt _»/ t (t/ |)_(,_C)_('l| _t> .

e For harmonic sources,

. ) v pik|X—X'|
AR, t) = e*’“"i—;/ds /%7 (3.24)

with k = w/c
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3.2.1 - Wave zone

e We then obtain H and E with

(3.25)
and Faraday’s law,

(3.26)

¢ We now consider sources confined inside a region whose
maximum extension is d, and that contains the origin. If
d < ), there are 3 regions of interest:

* The near zone, with d < r < A, where e¥*~%' ~ 1 and we
recover the static potentials except for harmonic oscilation,
AR 1) = A(X)e ™.

® The intermediate zone with d < r ~ .

® The far zone, with d < r.
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3.2.1 - Wave zone

e In the far zone, with d < r, |X — X'| ~ r — h - X', where

h=X/r =
A elkr / ikh-X' 43 2
i X) X')e~ .27
Jm AR = G2 [Tty a2

* We see that A(x, t) = A(X)e~“! represents a spherical
wave travelling outwards.

¢ |n addition, (tarea) using Eqgs 3.25 and 3.26 we also see
that £ and H also form spherical transverse waves
(orthogonal to 7).

® The far zone thus corresponds to the radiation zone, also
called wave zone.
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3.2.2 - Dipolar radiation

e We now use d < A to simplify A in the wave zone. The
integrand in Eq. 3.27 can be expanded in powers of
—ikn - X', using

A% s —jKk\"
et =3 CW sy

n=0

e Therefore,

><

o ikr —ik\n
AR) = Lo ® Z( k) / JF) (- 7)Px.  (3.28)

A7 r
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3.2.2 - Dipolar radiation

¢ For n =0, which is the dominant term in the expansion in
kh- X', we get:

. ikr
ARy =L /ﬂ)&ﬂ

LY. J= 0, we have

(3.29)

e Using the contlnwty equation, 2
iwp = V- J.
® Therefore (tarea):

» ot

/Jﬂ&’:-/ﬂﬁﬂbf’:—m/xmm&x.
(3.30)
® Finally,
Ay _iﬂowﬂeikr ; =2 v AP\ AS !
AX) = . P with p:/x,o(x )d°x" . (3.31)

elecric dipole
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3.2.2 - Dipolar radiation

e We now calculate the E and H fields:
(3.32)

where we see that electric dipole radiation is linearly
polarized.

e The power emitted in direction /1 can be written with
dP = r2dQn-S =,

dP 1 2 = %
E = E?R[FH(EXH)},
_ o ayz2 . 2
= 327 gk |p| sin (9) (333)
® The total power is
cck* e
= e |62, (3.34)

T 127\ e
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3.2.3 - Magnetic dipole and electric quadrupole radiation
® The next term in the expansion of
e~ kiX — 50 K7 %) corresponds to n = 1.
e Eq.3.28 gives:

Az /U'Oeikr 1 : T2y S\ A3/
A(X) = yr— <r - /k) /J(x )(h-X)d X", (3.35)
e This term originates magnetic dipole and electric
quadrupole contributions. To see this, we separate the
integrand:

JR) (- %) =

(3.36)

* We first consider the contribution of part B and identify the
magnetization M,

M= Y% x J).

5 (3.37)
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3.2.3 - Magnetic dipole and electric quadrupole radiation

¢ Then, for the B part,

A()—(') ikluo (h % ﬁ:l) eikr (1 1 ) Wlth (3 38) General solution of the
= e — . i
47 r ikr”’ WaV(-? - '0“. :
Multipolar Radiation
Wave zone
N - Dipolar radiation
m= / MdBx. (3.39) S

Spectrum of continuous
dipole radiation

® |n the radiation zone, kr > 1, we obtain:

Radiation from a single
charge

2, - k 0 /A — ikr on-relativistic
Ax) = ’4’; (nxm)eT, (3.40) Mo
— k2 oo = elkr

ER) = —goy/ S (hx )=, (3.41)

AR = - ;i(E' A1) (3.42)

¢ This contribution is called magnetic dipole radiation.
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3.2.3 - Magnetic dipole and electric quadrupole radiation

e For the A part in the contribution from n = 1, after
standard handling we get:
fw 2N o 2\ A3/
A:E X'(h-X")p(X"d* X', (3.43)
which represents order 2 moments of p(X’), i.e. an electric
quadrupole contribution, which we will not develop.
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3.2.4 - Spectrum of continuous dipole radiation

e Consider a time-dependent electric dipole p(t), for
simplicity with constant direction. We decompose

p= [ e “p(w)dw.
¢ For a single harmonic component,

p(t) = e"'B(w), (3.44)
the radiated E(w) field is (from Eq. 3.32),
E (% [Bo ok € Bl x 7
E(X,w) = P P Fxplw)xF?,  (3.45)
. K2 glkr N
E(¥,w) = Zsin(©) |p(w)| 6,  (3.46)

47T60 r

where © is co-latitude with Z || p.
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3.2.4 - Spectrum of continuous dipole radiation

¢ The time-averaged flux radiated in direction 7 is
(S) = JE x H* (Eq.2.36).

* However, each Fourier component is in fact a Fourier
density, with contributions dp = e~"“!p(w)dw. Directly

summing these contributions would result in dw? in the
radiated power.

® For steady-state sources, another problem in the direct

superposition of Fourier components is that the standard
Fourier transform diverges:

p(w) = /_ h p(t)e™dt — oc. (3.47)
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1 - Spectrum of continuous dipole radiation

® We can still introduce the concept of a spectrum in an

averaged sense. We define the truncated Fourier
transform:

T/2 )
Br(w) = / B(t)e™tdt, (3.48)
—T/2

and the time average of its amplitude:
I
(pP)(w) = lim —[Br(w)[*. (3.49)
—00

* The differential power for a continuous source becomes:

aP w? .
doda = 327T2€003<|p|2>(w)sm2@. (3.50)
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3.3.1 - Liénard-Wiechert potentials

e Consider a particle with charge g and trajectory r(t), with
velocity d(t).
e We can apply the retarded solution with source terms

p(X,t) = q6(X — F(t)), and j(¥, t) = p(X, t)u(t), and thus
obtain the resulting potentials (tarea):

- 1 9
rn (3.51
X0 = 2 [(1 —h(t)- (1)) R("')L( |
. o qu , (3.52
(X, 1) 47 [(1 — A(t") - q(t’)> R(t')] t -

where R(t') = X — F(t'), R=|R|, A(t') = &, and

—

A(t') = ™. These are the Liénard-Wiechert (L.-W.)
potentials.
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3.3.1 - Liénard-Wiechert potentials
e We can also calculate the corresponding electromagnetic
field (tarea):

Evel

g (1=7)(n-5)]

dres R2(1— h- B)3

E(X,t) =

 ret

o (e ((p-9)<)]

4mes  op (1 B h.g)S

with

(3.54)
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3.3.1 - Liénard-Wiechert potentials

* We see that far away from the particle, the term labelled
E..q will eventually dominate. In fact, for a Fourier
component, or for harmonic motion with 7(t) o exp(iwt),
we find that (tarea)
Erad R
=5—. 3.55
E. A3 (3.55)

The radiation term dominates if R > \/3, sometimes also
called the far zone.
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3.3.1 - Liénard-Wiechert potentials

e [llustration of the radiation field (from Rybicky & Lightman).
A charge stops at x = 0 and t = 0. The figure shows the

field lines at t = 1, where the charge would have been at General solution of the
x = 1 had it not stopped. e eaaton
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3.3.2 - Larmor Formula

® |n the far zone, with R — oo, and in the Galilean limit
(8 < 1), the power radiated per unit solid angle is (tarea):

dP _ po 5 2. 2
49 = 167r20q & sin?(9), (3.56)

in which a = || and 6 is the angle between 7/ and &.

e By applying Eqg. 3.56 to the case of a harmonically
oscilating charge with dipole p = gr, exp(iwt), we can
recover Eq. 3.33 (tarea).

¢ We see that the wave zone as defined in Sec. 3.2.1
matches the Galilean limit (see the discussion on the
dipole approximation in Sec. 3.3 of Rybicki & Lightman).
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3.3.2 - Larmor Formula

WK

General solution of the
wave equation

¢ |ntegrating Eq. 3.56 over all directions, we have the total Mulipolar Radiation
poWer in Sl Radiation from a single

2.0 charge
MO q a Liénard-Wiechert potentials
p= g (357) ma
671- C Dipole of a charge
assembly

which is the Larmor formula. Fidition specirimof

pulse

° I Radiation reaction
n CGS, poa SR
P=S5 (3.58)
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3.3.3 - Dipole of a charge assembly

Consider an assembly of charges confined within a region
of size d (here we follow Rybicki & Lightman 3.3).

If 7 is the minimum timescale over which particle velocities
(v) change appreciably, we can ignore differences in
retarded times if cr > d.

If | < d is the scale associated to a trajectory, then

W« lor(v)<e

Therefore, if cr > d (equivalent to A > d for harmonically

oscillating chages), we take the Galilean limit 5 — 0 and
the radiation field of a charge distribution is

g hx nxﬂ,)
Eua = 2471'60 clX—x| (3.59)

To zeroth order,

(3.60)
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3.3.3 - Dipole of a charge assembly

¢ The differential power is

dP PR o

49~ (T6r2egc®) =" (©):

with Z || p and where © is colatitude. In CGS,
aP _ |pP
dQ  4ncd

¢ The total radiated power is

sin?(©),

and in CGS,

(3.61)

(3.62)

(3.63)

(3.64)
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3.3.3 - Dipole of a charge assembly

* In general, for a time-dependent dipole p(t) oscillating in a
constant direction, Eq. 3.60 gives

1

Eaa(%.1) = 41— IP(1)|sin(©). (3.65)
in SI, or, in CGS,
= — 1 = .
Ewa(X, 1) = 5, 1P(1)]sin(©), (3.66)

with ps; = V/4meo pegs and Est = Ecgs/+v/4meo.

I
I
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3.3.4 - Radiation spectrum of a pulse

e Consider a “pulse” E(t), with finite time support. The
spectrum,

E(w) = 217 / E(1)e™lat, (3.67)

is Hermitian, E(—w) = E*(w), for E(t) to be real.
e The power radiated per unit area is given by the Poynting
vector,

aw o C iz
giga = 1S = - IE()" inCGS.  (3.68)

DIEMR inSI.  (3.69)
Ho

¢ |n CGS, the energy radiated by the pulse is

W e (< .
ﬂfﬂ/ \E(t) . (3.70)

—0o0
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3.3.4 - Radiation spectrum of a pulse
® From Parseval’s theorem,

/|E(t)|2dt:27r/|é(w)|2dw, (3.71)

and with the Hermitian property,
/|E(t)|2dt:47r/ IE(w)dw, (3.72)
0
¢ Therefore, in CGS
aw o
= E(w)|? 7
i —c° ] E@Pde, (3.7
and the spectrum of the energy radiated by the pulse is

awo =

e For S,

aw €0 2/ 2
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3.3.4 - Radiation spectrum of a pulse

e We can revisit the spectrum of dipole radiation with
p= / e~ “B(w)dw. (3.76)

e Since p(t) = — [ w?B(w)e~“dw, in CGS

. 1

® From Eq. 3.74, the spectrum for the radiated energy is
therefore, in CGS,

2B(w)sin(©). (3.77)

aw 1, :
oG = gW4|p(w)|zsm2 o. (3.78)

® The total radiated energy, in CGS, is

aw  8m 4 .
do @wﬂp(‘””z' (3.79)
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3.3.4 - Radiation spectrum of a pulse

¢ |n SI, the spectrum for the angular-differential radiated

energy is
dW 1 4= 2 .2 General solution of the
- w |p(LU)| sin @, (380) wave equation
dw dQ 47(-60 CS Multipolar Radiation
. . . . Radiation from a singl\
which can be compared to the dipole approximation for e
H H . Liénard-Wiechert potentials
continuous sources, which, from Eq. 3.50, is i
Dipole of a charge
assembly
fo/d 1 1 4 2 2
= ——w w)sin“(0). 3.81
dwdQ 8w 47T€0 C‘?’ <|p| >( ) ( ) ( ) Radiation reaction
Non-relativistic
. . . lication:
in SI. The extra factor 1/(8x) in the power of continuous spplestions

sources comes from the time-average (1/2), and from the
application of Parseval’s theorem for the total pulse energy
(1/(4x)). Also, Eq. 3.80 refers to the radiated energy, with
p(w) as a Fourier density in Cm s (see Eq. 3.76), whereas
Eq. 3.81 refers to the radiated power of a continuous
source, with time-averaged squared amplitude (|p|?)(w)
(Eq. 3.49), in units of C?m?s.
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3.3.5 - Radiation reaction

¢ This section is adapted to S| from Rybicki & Lightman Sec.

3.5 (see also Jackson Chap. 16 or Griffiths Sec. 11.2.2).

¢ Consider a periodic sistem, such that its mechanical state
is identical between times t; and b.

¢ Still in the Galilean limit, the total energy radiated by the
charge between t; and £ is (in SlI),

2 t2
W:‘éji ; 2. (3.82)
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3.3.5 - Radiation reaction

® Energy conservation requires the existence of a ‘radiation
reaction’ force F.,q, such that W is extracted from the
particle’s kinetic energy,

2

tFrog.li = —W. (3.83)
t1

® One expression for the radiation reaction is the
Abraham-Lorentz formula,

2 _ ,qu2 2
Frg = Brc a. (3.84)
We can confirm that Eq. 3.84 fulfills Eq. 3.83 (tarea).
¢ In CGS,
z 2¢°% -, B R
Fraa = 35d=mra (3.85)

where 7 = 2ry/c.
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3.4.1 - Thomson scattering

This section follows from Rybicki & Lightman Sec. 3.4.

I
WK
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!
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|
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Incident wave

e A linearly polarized wave exerts the force F = q&E, sin(wt)
on a charge g.
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3.4.1 - Thomson scattering

® The equation of motion
mr = &E, sin(wt), (3.86)

yields the dipole d = &f from integration of the
acceleration

d— qZé% sin(wt), (3.87)

and

=3 _ q2Eo A
d= (mw§> ésin(wt). (3.88)
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3.4.1 - Thomson scattering

¢ The amplitude of the oscilating dipole is d = ‘,’;f;.

¢ Dipolar radiation (Eq. 3.33) yields, in Sl (or MKS),

dp ¢ [ho 452 2
49 = 327T21/gk |d| sin“(©). (3.89)

¢ |In CGS, the same power is (Eg. 3.23 in Rybicki &
Lightman, with an additional 1/2 for time-averaging):

dP 1 k*d?

- = = in2
90— o 8; " (©). (3.90)

The conversion can be obtained by substitution of

HCGS = 85]/\/471’60 and ¢ = 1/\/%
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3.4.1 - Thomson scattering

¢ The incident power is

— . i oA
(S) = 87rE°n’ (3.91)
in CGS, and
& = 1B A =1 [epn (3.92)
2 2V ’ )
in Sl (Eq.2.36).
® We introduce the differential cross section

dP do

- 95 (3.93)
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3.4.1 - Thomson scattering

¢ The differential cross section for Thomson scattering is

do

_ 22
g0 = re sin(0), (3.94)
where
¢ 3.95
o= e (3:95)
is the classical radius of the electron (r, ~ 3 x 10~ '3 cm) in
CGS, and
62
= e (3.96)
in SI.

® The total cross section is

codn =2 (3.97)

oT =
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3.4.1 - Thomson scattering

e We can extend the previous derivation to the case of
unpolarized radiation.

® An unpolarized beam is the sum of two independent
linearly polarized components, along ¢; and é.

® We place € in the plane of scattering (see Fig.).

€1

>

ol
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3.4.1 - Thomson scattering

¢ For unpolarized incident radiation, the Poynting flux of
each of two components of the incident field, £y and E,
are equal.

® The scattered field is the sum of the scattered fields of
each component,

Escat(t) = E1,scal(t) + EZ,scat(t)v (398)

and

<

where the cross-terms are null.

)= (i) i),
(Eraanlt) - B seat)) + (B scal) - Bz )
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3.4.1 - Thomson scattering

e Therefore,

do
dQ

(©)

unpol

(dP) = (dP1) + (dP%) , (3.100)

and, in terms of the total incident Poynting field, the total
cross section is the average of the cross-sections for each
linear polarization components,

1

N =N —= N

do do /m
ldﬂ(e)'pol + % (3) P01]3.101)
r2(1 +sin? @), (3.102)
r2(1 + cos® 6). (3.103)

(3.104)
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3.4.1 - Thomson scattering

¢ The total scattered intensity (i.e. total power) is

proportional to 1 + cos? §. From this intensity the weaker

component (in the plane of scattering) has intensity

proportional to cos? §. The unpolarized scattered intensity
must have equal components, and is proportional to

2 cos® . The polarized scattered intensity is thus
proportional to 1 + cos? 6 — 2 cos? 6.

® The polarization fraction is

n— 1 — cos?(9)
1 +4cos?(6)

(3.105)
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3.4.2 - Harmonically bound particles

¢ This section follows from Rybicki & Lightman Sec. 3.6, and
uses CGS units.

® The equation of motion for a radiating harmonic oscillator
is
—7X 4+ X + wox =0, (3.106)
where 7 in the radiation reaction force is given by Eq. 3.85.

¢ We assume that the damping due to radiation will be
small, and use x(t) o< cos(wot + @), SO X ~ —w3X.

® The equation of motion becomes

X+ wirx + wix = 0. (3.107)
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3.4.2 - Harmonically bound particles

e Searching for solutions to Eq. 3.107 in the form e*!, we
require
o~ +iwy — %ng, (3.108)
if wor < 1.
e With the initial condition x(0) = xp and x(0) = 0,

X(f) = xoe "% cos(wot), (3.109)
_ 1 — 3T t+iwgt —1rt—iwgt
= EXo(e : +e Mt} (3.110)

where I' = w3 .
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3.4.2 - Harmonically bound particles

® The Fourier transform of x(f) is

X(w) = 21 / x(t)e!dt =
i (3.111)
X0 1 N 1 }
4r |T/2 —i(w+wo)  T/2—i(w—wo)]’

¢ Restricting to positive frequencies, and neglecting the tail
from the negative singularity,

~ X0 L
D™ 2 T2~ i(w — o)’ (3.112)
whose squared modulus is
2. (X0 2 1
X (w)[* ~ (47T) (F27 T (o)t (3.113)
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3.4.2 - Harmonically bound particles

* From Eq. 3.79, the radiated energy spectrum is then

aw 8rw* €2 X3 1
dw  3c® (47)2(M/2)2 + (w — wo)?’

(3.114)

e With k = mw3 (spring constant) and I = w3,

W (11g) a2

dw \2 °> 727+ (@)~ ko) 3119

where ¢ is the potential energy of the spring, and ¢(w) is
the profile of the spectrum, with [ ¢(w)dw = 1.

® The profile ¢(w) is the Lorentz profile.
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3.4.2 - Harmonically bound particles

* Now consider a driven harmonically bound particle, such

as a charge under the influence of a linearly polarized
plane wave,

mx = —mwix + mrx + eEg cos(wt). (3.116)

e The steady solution is x = xpe™“! = |xo|€/(“1+9), with

&:f%?(wfﬁfm&y (3.117)
(JJZT
d = arctan [ — . (3.118)
we — Wwo

® |n steady state, the charge acts as an oscillating dipole,
radiating a total power given by the Larmor formula
(Eq.3.58 or Eq. 3.64):

p_ € |xo[Pw* _ e*E?2 wt
2 2"
G0t BT () (o)

(3.119)
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3.4.2 - Harmonically bound particles

e Comparing the radiate power from Eq. 3.119 with the
incident time-average flux, (S) = & EZ, we introduce the

scattering cross section

_ P(w) _ w*

o(w) ) 07(w2-w§)2+(w87_)2. (3.120)

¢ |n the limit w > wo, we recover Thomson scattering.
¢ |n the limit w < wg, we enter the dipolar approximation
regime and
w

o(w) = o7 ()4 (3.121)

wo

This regime is known as Rayleigh Scattering.
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3.4.2 - Harmonically bound particles

® |n the regime w ~ wyq (tarea),
2rle? r/(2m
o(w) ~ 2 A )_ 27
mc (I/2)?2 4+ (w —wo)

where we recognize the Lorentz profile.

¢ |f we integrate this approximation over all frequencies
v=uw/(2n),

(3.122)

oo 2
/ dvo(v) = 22 (3.123)
0 mc
¢ |n the quantum mechanical calculation of radiative cross
sections between two state ny and n,, the resulting cross
sections are sometimes referred to the classical treatment
of Eq. 3.123 through the oscillator strength f,

e?

T
mc’

12+

/ dvo(v) = fon, (3.124)
0
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3.4.3 - Thermal free-free
¢ This section follows from Rybicki & Lightman Secs.
5.1-5.3.
® |n an ionized plasma, radiation stems from electron-proton
encounters, with dipole d = —eR, with acceleration
d=—ev.
¢ In the Fourier plane,

o0

—Rdw) = -2 | Vet (3.125)

—5 »

e We introduce the impact parameter b.
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3.4.3 - Thermal free-free

* A timescale for the collision is the collision time 7 = £.
e If wr > 1, the integrand in Eq. 3.125 oscillates rapidly and
averages to 0, while of wr < 1 this integrand is essentially

unity:

; e A, if 1
d(w) ~ { B DTS (3.126)
0, if wr > 1.

¢ We can calculate the spectrum of the emitted radiation
using Eq. 3.79,

(3.127)

aw 303|AV|2 wr <L 1,
dw o, wt > 1.
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3.4.3 - Thermal free-free

e We estimate AV, the velocity change in a collision, by
assuming that the electron follows a straight line. The
longitudinal acceleration cancels out on both sides of the
collision. However, the perpendicular component pulls the
electron all along its trajectory. We integrate this normal
acceleration along a straight path (and neglecting the
concomitant deflection of the path):

L b at 27Ze?
Av=-m _oo (B2 +v212)3/2 " mbv’ (3.128)
® The radiated energy is then
2 16
dw(b) _ %fszrn%, b v/w (3.129)
dw 0, b>v/w.
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3.4.3 - Thermal free-free

® For a fixed electron speed v, we can sum over b to get the
total emissivity:

LA / dWd) , b, (3.130)
b,

dwdV dt dw

starting from a minimum impact parameter b,.
¢ Since the integrand in Eqg. 3.130 is zero above a maximum
impact parameter by = %

w’

aw B 166 . 2/bmaxdb
dwdVdt  3c3miv ¢ '" ),

w0 (3.131)

166° o Bmax
= 7303mzvnen,2 In (bmin)
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3.4.3 - Thermal free-free

® The value of b.,;, can be estimated as the smallest value
for the straight-line trajectory approximation, i.e. Av ~ v
and bmin = 4262/(7TmV2). General solution of the

wave equation

e The floor value of b.,;, is set by the uncertainty principle, ey et
with AxAp > h, Ax ~ band Ap ~ mv, or by, = h/(mv). RS e e

* An adequate treatment of the total radiated power requires ;:ji:,anvisnc
field quantization, and is beyond the scope of this course. afh‘j}':::ni"sj:“mg
The connection with the classical treatment presented Harmorialy g
here is implemented through a Gaunt factor g¢(v, w),

typically of order unity, and

aw 167€b

= Z° 132
dwdV dt 3\/§Csmzvnenlz g (v, w), (3.132)

with

grr(v,w) = ? In <Z’“) : (3.133)
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3.4.3 - Thermal free-free

¢ For a thermal distribution of speeds, we average Eq. 3.132
over the Maxwellian distribution, with probability density

General solution of the

2
dP XX V2 exp (rzr;(v_r) dV. (3134) wave equation

Multipolar Radiation

Radiation from a single

* For radiation at frequency v, we require hv < mv? for SiE
photon creation, Nor ot
Thomson scattering
oo dW(v,w),,2 mv? Sy
AW(T,w) i dodvarV” &P (_W) av i
dVdtdw - 2 (3139
W Ve (-g5) av

and we obtain the emission coefficient (tarea):
1 dw
Aoy _
W) = g GV dtdw

25768 [ 27 \1/? _ _ _
3mc3 <3km> T 1/222nenje hu/kTg”'

(3.136)
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3.4.3 - Thermal free-free

* The associated absorption coefficient is give by Kirchof’s

law:

=

a"B,(T).

(3.137)
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4.1.1 - General formulation

INCIDENT
WAVE

REFLECTED
WAVE

—_—

—
INCIDENT
WAVE
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Scattering

Scattering matrix
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4.1.1 - General formulation

Scattering

¢ et us first consider a single obstacle (or particle), whose r—
maximum dimmension is d. Evincton

e The incident wave can be described with PR

Mie theory
El’ — éo EO eikﬁo X (4 1 ) Diffraction
H = \/‘?n x E;. (4.2)

¢ Note that we describe the incident polarization in terms of
&..
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4.1.1 - General formulation

SCATTERED B e
(E,,H,) ’
—_—
—_—
P > //V( Scattering
| Genera formuiation
Scattering matrix
—_— / Extinction
_—— Rayleigh scattering
—_— Mie theory
—— \ Diffraction
\
———
\ \
INCIDENT
(E,H,)

* When interacting with the target, the fields induce electric
and magnetic dipoles as in the case of static fields in the
‘static zone’ (save for the time dependence exp(—iwt)).

e The induced dipoles can, in turn, generate electric and
magnetic dipole radiation, resulting in the fields Es y Hs.
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4.1.2 - Scattering matrix

e'
A
E ¢
1
2 x/N
N
AN
A
:: ég' €.s
& N
e, N
N SCATTERING
t: PLANE
N
PARTICLE é
i Y
L
J
N N
AN
3N

]

INCIDENT BEAM
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4.1.2 - Scattering matrix
® |n the region outside the target, labelled 2, the fields are

given by
E: = E+E, (4.3)
Ho = H; + Hs. (4.4)

* |tis convenient to project the fields on the scattering plane.
For the incident plane wave,

E,' = (Eo” é’” + EOJ_éjJ_)ei(kz_wn
=E & +ELé., (45)

where &; x &, = é;.
¢ |In the wave zone we know that the field emitted by the
induced dipoles, i.e. the scattered field, will converge to a

. — ki
transverse wave, i.e. || Es|| x -, so

Es = Ejsys + ELséos, (4.6)
with

éHs = é97 éJ_s = —é¢, and éJ_s X éHs = ér. (4.7)
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4.1.2 - Scattering matrix

® Because of the linearity of the Maxwell equations, the
scattered fields will be linear combinations of the incident
fields.

e We can thus relate the scattered and incident fields in
terms of the amplitude scattering matrix, with coefficients

{si}iq:

E e’ (s s E;
I|s — 2 3 [|i
( E s ) —ikr ( S4 St ) ( Ey ) (4.8)
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4.1.2 - Scattering matrix

* The time-averaged Poynting vector anywhere outside the
target, i.e. in region 2, is

a dolz ol a.a . a
So= R |Eex F| =S+ S+ 8w (49

where
- 112~
S = Em[E,-xH,], (4.10)
. 1 12 -
S = ééﬁ[Estg}, (4.11)
. 1 o o~ o o
St = 5?)‘%{E,XH;+ES><H,-*}. (4.12)

® The notation “.” anticipates that this term, which
corresponds to the interaction between the scattered and
incident fields, will cause the extinction of the incident
specific intensity.
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4.1.2 - Scattering matrix

Scattering

® The Stokes parameters for the scattered fields are similar e iy
to the case of plane waves seen in Chap. B, Sec.2.2.4. e
* For the scattered field we use &; and &, rather than & RS
and é2: Mie theory
Diffraction
ls = <E”SE”S + ELSELS> (4.13)
Vs = <EHSEJ_S ELSE”S) (4.16)
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4.1.2 - Scattering matrix

e We can now relate the scattered Stokes parameters in
terms of the incident Stokes parameters, using the
amplitude scattering matrix

Is Si1 Si2 Siz Sia l;
Q | _ 1 So1 S Sz Sos Qi
Us k2r2 | S31 Ss2 Saz Sas Ui
Vs Sa1 Sasz Sz Sum Vi
(4.17)
® For example, (TAREA):
St = §(||S1||2+H32||2+||33H2+H54||2)a (4.18)
]
Sz = 5(—||51||2+||32H2—||53||2+H34H ), (4.19)
]
So1 = E(*||31 12+ [[s2]1? + l|ssl|® — [[s4]|?), (4.20)
]

Sy = 5% [81 S; + 3332] . (4.21)
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4.1.3 - Extinction

IMAGINARY
\, “~_ SPHERE

e Consider a sphere S centered on a target particle. The net
flux of the incident Poynting vector through S is null, so the
flux of the total Poynting vector must correspond to
radiative energy produced or absorbed by the particle.

Scattering
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4.1.3 - Extinction

e The total Poynting vector is S = S; + Ss + Sex (se€
Egs.4.9,4.10,4.11,4.12), and we write its flux through S as

W, = — / S.&.4ds, (4.22)
S
Wo = Wi— Ws+ W, (4.23)

where W, = —f§,--é,d8, W, = +f§s-é,d8 and
Vvext = - f Sext . érdS
e By symmetry W;=0, so

VVext = Wa + W57 (4-24)

i.e. We is the sum of the power absorbed by the particle
and that of the scattered radiation.
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4.1.3 - Extinction

e We consider a linearly polarized plane wave with E; || . In
the wave zone, we can write the fields as Scattering
General formulation

Scattering matrix

ek(r=2)
s = —Ikr i and (425) Rayleigh scattering
Mie theory
k . — Diffraction
(4.26)

where X is the vector scattering amplitude,
X = (82.cos(¢) + 835in(¢)))&ys + (Sa cos(¢) + 81 sin())&Ls.
(4.27)
Note that X is dimensionless, and also depends on 6

through the s;.
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4.1.3 - Extinction

e After some calculation (see BH83), in the wave zone
(lim kr — oo, tarea),

4 o .
Wey = /,-k—72T§R[(X.eX)|9:0]. (4.28)
Scattering
e We introduce the extinction cross-section S
Cext = VVCX[7 (429) Rayleigh scattering
li Mie theory
and following Eq. 4.24, C.xc = C; + Cs. Diffraction
¢ Using Egs. 4.25 and Egs. 4.26, we get
X2
C, = / I sz d. (4.30)
4z
* We identify the differential scattering cross section,
dos I1X|2
= 4.31
and the scattering phase function
1
®(0, ) = dos (4.32)

~ G5 d2
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4.1.3 - Extinction

¢ Note that the total cross sections for an assembly of
randomly distributed particles is additive (see Sec.4.2.2
below). If the particles are spheres, or else are randomly

Scattering

General formulation

oriented, ® only depends on 6. Scatering matis
¢ Another useful quantity is the asymmetry parameter, Rayleigh scattering
Mie theory
g = (cos(6)) = / cos(0)D (0, 6)d9. (4.33)  oiin
47

e The cross sections are usually reported in terms of the
extinction, scattering and absorption efficiencies,

Cext _ CS _ Ca
Quxi = Bl Q= ¥ and Q, = 3 (4.34)

where X is the projected area of the target in the direction
of incidence - i.e. ¥ = & for a sphere with radius a.
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4.1.3 - Extinction

® The above cross-sections in Egs. 4.29 and 4.30 were
derived for x—polarized incident light, i.e. Cex x and Cs x,
but are easily extended to y—polarized light, Cex,, and

Scattering
General formulation
Cs’y -

Scattering matrix

e For natural light,

Rayleigh scattering
1 Mie theory

1
Cext = E(Cext,x + Cext,y) and Cs = E(Cs,x + CS,J/)' (435) Diffraction

e [f the scattering volume, which encompases all targets,
includes a continuum of targets with number density n,
then we may introduce the extinction coefficient which
attenuates the incident specific intensity /,,,

Qext = ncexl, (436)

and
dl, = —ael,ds. (4.37)
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4.2.1 - Single target

¢ |n the wave zone and in the Rayleigh regime (target < \),
we know from Dipolar Radiation (Chapter C) that the fields
in direction 71 are
. 1 e'kr
Es = k?=— {(ﬁxﬁ)xﬁf‘lx (4.38)

47e, r
Mie theory

Hs = [Fo iy« E,. (4.39)  oifracton
€o

e We extend the concept of to select a polarization state
e in the scattered wave, and after normalizing by the

incident flux, we obtain the differential scattering cross

; do _ dP .
section @ = Saa-

Scattering

Rayleigh scattering

o3

Scattering for N targets

&
FN=TER

N

92 (e N, &)= r

L2
— Kk a2 . R - A% m
= Gy |¢ PT(1xE) G

(4.40)
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4.2.1 - Single target

® As an example let’s consider the case where the target is
a small dielectric sphere, with radius a, p1/po = pr =1,

Scattering
and W|th € = €o€r(OJ). Rayleigh scattering
¢ |n the static zone, where d < r < ), the fields are S INERE
quasistatic, (tarea) Mie theory
Diffraction
— €r — 1 Y=
= 47e, a’E; 4.41
p—4ne. (5 ) #E. (4.41)

and there is no magnetic dipole moment.
¢ The scattering cross section is then, for polarization &,

2
6/'_1

da_ 4 6 |é
€+ 2

Ja =

RN

(4.42)
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4.2.1 - Single target

¢ For natural light, or non-polarized incident radiation, we
take the average:

2
do\ _pag|er=1 <|é* : éo\2>. (4.43)
d Q €r + 2 Scattering
Rayleigh scattering
€1 Scattering for N targets
Mie theory
Diffraction
g n

NE]

€&l éL
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4.2.1 - Single target

¢ In terms of the polarizations parallel and perpendicular to
the plane of scattering (1, 7,), for spherical coordinates

with 71, || 2 (TAREA):

M — 1k4a6 €r — 2C052(9)
aQ 2 €r+2
ao € +2

e For Stokes | we get

do 46
aQ

e—1

2
1 2
€r+2’ 5(1 + cos®(0)),

and a measure of the polarization fraction is

o do sin
I'I(H) (ddT - 7“)// 1+c05(20(9)

Scattering

Rayleigh scattering

Scattering for N targets

(4.44)

Mie theory

Diffraction

(4.45)

(4.46)
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4.2.2 - Scattering for N targets
® For a system with N targets, we use the superposition

principle,
do . . . . 2\9 Zj1 ,/'|2
= (n, & Ry, &) =P ==V S 4.47
(P8P &) = P (4.47)
* |n the radiation zone, |[X — X'| ~r — - X/,
N 2
do Kk PO ok r_ﬁj ig-X,
- - . D: R j
0~ (e |2 [e pj+ (" x &) o€ ;
(4.48)
where q = kh, — ki and where the {x;} are the target
positions.
e [f all targets are identical,
2
do do . iG.%
- == . (4.4
70 = do 1]—'(q), where F(§ Ze (4.49)

Scattering

Rayleigh scattering
Single target

Mie theory

Diffraction
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4.2.2 - Scattering for N targets

* If the positions X; are random (TAREA),

2

>%N’

(F(a) = < (4.50)

> et
j

Scattering

Rayleigh scattering
Single target

Mie theory

Diffraction
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4.2.2 - Scattering for N targets

Scattering

Rayleigh scattering
Single target

e |f the targets are regularly ordered, for instance in a cubic
network por N; x No x N3z with spacing a (TAREA), Mie theory

Diffraction
F(Ei) _ N2 sin2 (%N1 Q1 a) sin2 (%NQC]QQ) sin2 (%N3Q3a)
N2 sin? (%q1 a) N2 sin? (%QQa) N2 sin? (%qg,a) ’
(4.52)

where q = q181 + G282 + g3&s.
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4.3.1 - Scattering by a sphere

e Away from the Rayleigh regime, and if the target does not
satisfy diffraction boundary conditions (such as for a
conductor), then in order to obtain the differential Seaterng
scattering cross section we need to solve the Helmholtz Feyiion sesering
equation for each harmonic component of the fields,
subject to interface boundary conditions on the surface of Difiraction
the target (S):

Mie theory

[Eg()?) _E ()?)} xA = 0 and (4.53)
[Ijlg()‘(’) — Fy ()‘(’)} xh = 0, forany X e S (4.54)

® The problem is solved by expanding the incident and
scattered electric field in a complete set of functions,
composed of Legendre polynomials for the 0 part, and of
spherical Bessel functions for the radial part.
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4.3.1 - Scattering by a sphere

® The solution is expressed in terms of the size parameter,

27Ta Scattering
X = ka = )\ ’ (455) Rayleigh scattering
Mie theory
and of m = kq /k, i.e. the real part of the refractive index
Diffraction

inside the target.

® The expansion of the scattered fields involves the following
coefficients (Eq. 4.53 Bohren & Humman 1998)

0 mzfn(mx)wn(x)r—m/n(x)[mx/n(mx)l',4

T mRja(mx) D ()] = iy S () [mxj(mx))

by~ n(mX)D(X)) —Jn( 7).
pn(mx)[xh) ()] — B3 (%) [mxj(mx)]’

where 11 is the magnetic permitivity of the target.
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4.3.1 - Scattering by a sphere

Scattering

e The cross-sections are (Egs. 4.61 and 4.62 of Bohren & Reyiigh scaterng
Huffman 1998): Mie theory
Diffraction

2 oo
Csca = kfg Z(2n+ 1) (‘an|2 + |bn|2) and (458)
n=1
21 —
Cext = e (2n+ 1)R{a, + bn}. (4.59)

n=1
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4.3.1 - Scattering by a sphere

* The angle-dependent amplitude scattering matrix is
diagonal, s3 = s, = 0, and

2n +1
=2 (n 5 1y (@7 + baTn) and (4.60)
2n+1
2= m(anTn + bpmp), where (4.61)
_ R _dP}
™= gn@ 9T g (4.62)

and where P} is the Legendre function associated to the
corresponding Legendre polynomial

m/2 den(PJ)

PR(n) = (1 —i"PEg R (463)

with p = cos().

Scattering

Rayleigh scattering

Mie theory

Diffraction
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4.3.1 - Scattering by a sphere

Scattering

Rayleigh scattering

Mie theory
* The scattering phase function for spheres can be obtained —
from Egs. 4.27, 4.31 and 4.32: irecton
s? 4 52 Si4
= =2r-L—"2=4 . 4.64
®(0) = 27d(0, ¢) ™ KEC.. ﬂ'kZCm (4.64)
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4.3.1 - Scattering by a sphere

e Standard packages are available to compute the radiative
transfer parameters using Mie theory. In what follows, we

show the result of the bhmie. £ code, available here: Scattering
https://en.wikipedia.org/wiki/Codes_for_ Rayleigh scattering
electromagnetic_scattering_by_spheres. Me theoy
We used the Python transcription and the wrappers from —

Kees Dullemond, available as part of the RADMC3D
Monte-Carlo radiative transfer package:
https://www.ita.uni-heidelberg.de/
~dullemond/software/radmc-3d/.

® The cross sections C are related to the opacities « by
C = k= m, where mis the mass of the target sphere.

® Here the phase function ¢ is normalized such that
®(0, ¢) = 1 corresponds to isotropic scattering.

e The next 3 plots correspond to a = 10xm, and used the
pyrmg70 optical constants.
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4.3.1 - Scattering by a sphere

Absorption and scattering opacity

10° 4
Scattering
Rayleigh scattering
2 ]
10 Mie theory
Diffraction
101 4
o
E
S 100 4
x
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—— Absorption (no smear)
Absorption (yes smear)
10-2 4 —— Scattering (no smear)
—— Scattering (yes smear)

107! 10° 10t 102 10°
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4.3.1 - Scattering by a sphere

Absorption and scattering efficiencies

Scattering
10° + Rayleigh scattering
Mie theory
1071 4 ; )
Diffraction
NfB
£ 10724
S
I
(o4
10-3 4
—— Absorption (no smear)
1074 4 Absorption (yes smear)
—— Scattering (no smear)
—— Scattering (yes smear)
1071 10° 10! 10?
X =2nal/A
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4.3.1 - Scattering by a sphere

o [srl]

Scattering phase function at A =

1.0um for a =10um

—— With smearing
No smearing

103 4
102 + \
1
10* 4 \
N
I A
100 ] Ui A, //
P
it
g
\,\M |
10—1 4 \'\,‘\' A/J
has PV EY) A
0 25 50 75 100 125 150 175
6 [degrees]
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Rayleigh scattering

Mie theory

Diffraction
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4.3.1 - Scattering by a sphere

e TAREA: reproduce the previous 3 plot for a 1 mm-sized
sphere composed of pure graphite, and add an extra plot
for the grain albedo. Plot the phase function at a
wavelength of 1 mm.

Scattering

Rayleigh scattering

Mie theory

Diffraction
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4.4.1 - Boundary conditions

® The problem of diffraction is similar to scattering, except
that we specify the values of the fields at the edges or at
the surfaces of the targets.

e Consider a scalar field ¢ (X, t) which satisfies the wave f:“:‘?”:g o
equation. For a harmonic component, with time Mieym':ory ¢
dependence o exp(—iwt), Difraction

(V2 + k%) (X) = 0. (4.65) Tl
. R—ooo
e We want to solve the /
Helmholtz Equation I i o
(Eq. 4.65) for a wave \
reflected/transmitted at a Sources Sa|
surface Sy. We close space !
with another surface, So, S1
which we take out to co. \
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4.4.1 - Boundary conditions

* We typically use 1) = 0 on Sy, except in possible openings. ™

¢ Let us consider the following Green function Gp:
Gp(X,X') = G(X,X") + F(X,X),
where
(V2 + Kk?)G(X,X') = —6(X — X'),

and
(V2 + K®)F(%,X') = 0.

e We adjust F so that Gp(X,X') =0 if X € Sy.

Rayleigh scattering

Mie theory
Diffraction
(4.66) S
(4.67)
(4.68)
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4.4.1 - Boundary conditions

¢ We will now need the Green identity. For two scalar fields

Vv and o,
/ (VW + Vo - VW)d®x = ¢8—wd,4, (4.69)
% A on
where o
~Z =VV.h
on

e The Green identity leads to the Green theorem:

/(dwzw—wv%)dsx:j{
v

A

b— -V

ov g
on on

) dA. (4.70)

Scattering

Rayleigh scattering
Mie theory

Diffraction

Example
Babinet's Principle
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4.4.1 - Boundary conditions

® The Green Theorem (after an extension to Eq. 4.65), using
the pair Gp and 1, yields (tarea):

Scattering

Rayleigh scattering

Mie theory

Y(X) = 7{ [w(z’)h’ﬁ’GD(z,x”)_GD(z,z')h’-ﬁ’w(?) dS’ oiasion
S
(4.71)  Eeme

Babinet's Principle

and using the property that Gp(X,X') = 0if X' € S,
W(X) = 7{ [1/}()?’)?)' V' Gp(%, )?')} ds’. (4.72)

¢ Note the absence of the volume integral in the application
of Green’s theorem that results in Eq. 4.72, which reflects
the absence of sources in the wave equation.
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4.4.2 - Example

¢ As an example we focus on the case where Sy is an
infinite plane (at z = 0).
¢ The Green function for the wave equation (Chapter C) is

given by:
G5 %)= &7 with B—%— 47
(x,x):47T?, wit =X-X. (4.73)
* We use the method of images to determine F:
R = S (4.74)
T 47 R o ’ '

where X" is symmetrical to X relative to z = 0.

8

= H
T

Scattering

Rayleigh scattering
Mie theory

Diffraction

Boundary conditions

Babinet's Principle
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4.4.2 - Example

¢ By design the Green function,

1 e,‘kF,' e,'k,q/ Scattering
GD )_(' )_('/ = — — (475) Rayleigh scattering
( 7 ) 4’/T R Rl ’ Mie theory
Diffraction
cancels for )‘(‘/ c 51 . Boundary conditions

Babinet's Principle

¢ |njecting Gp (Eq. 4.75) in the Green Theorem (Eq. 4.72)
we get to (tarea):

o ko R el 1] o
v = 50 fi V)T |1 - g | 95 (476)

where we have used that when S, — oo, ¢ ~ €7 /R on

S, and V'Gp ~ 1/R?, so that the integrand on S, decays
faster than (1/R?).
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4.4.2 - Example

Scattering

Rayleigh scattering

e |f we consider that w()'(' ) = 0 on Sy except for an opening, Ve theory
|n the I|m|t Z — 00, RR 1, Diffraction

Boundary conditions

Babinet's Principle

k e/an‘
X —(X')dS’, 4.77
W0 =g [ ) (4.77)

where we recognize the “secondary sources” invoked in
Huygens’ Principle.
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4.4.2 - Example

¢ For the vectorial case of the electric field diffracted by an
opening in a plane conductor at z = 0, a detailed
calculation gives (see Jackson 10.6 and 10.7),

S 1 o L kR
E(X) = Z—V X /(h x Ej)—=-dS". (4.78)
T
e In the region z — oo, we expect that £ will be a wave, and
if E; is a plane wave,
ik . . . g eikR
5 1% (A x E,)/ B as’. (4.79)
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4.4.3 - Babinet’s Principle

® |et us consider two complementary screens:

® Screen 1 is an infinite plane with an arbitrarily shaped
aperture.

® Screen 2 is its complement, with an obstacle of the exact
same shape as the aperture.

e Let us consider the scalar fields o(X) without obstruction,
b1 (X) with screen 1, and v»(X) with screen 2.

e By the superposition theorem,

P1(X) + 1b2(X) = Yo(X)

e For an incident plane wave vy (X), off-axis (i.e., the
direction of wave propagation), we have v (X) = —»(X),
and therefore the intensity patterns are the same,

(W1 (X)? = [g2(X)[2.
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4.4.3 - Babinet’s Principle
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